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Abstract
Edward Sang (1805–1890), aided only by his daughters Flora and Jane, compiled vast logarithmic and other
mathematical tables. These exceed in accuracy and extent the tables of the French Bureau du Cadastre, produced
by Gaspard de Prony and a multitude of assistants during 1794–1801. Like Prony’s, only a small part of Sang’s
tables was published: his 7-place logarithmic tables of 1871. The contents and fate of Sang’s manuscript volumes,
the abortive attempts to publish them, and some of Sang’s methods are described. A brief biography of Sang
outlines his many other contributions to science and technology in both Scotland and Turkey. Remarkably, the
tables were mostly compiled in his spare time.
 2003 Elsevier Science (USA). All rights reserved.
Résumé
Edward Sang (1805–1890), aidé seulement par sa famille, c’est à dire ses filles Flora et Jane, compila des tables
vastes des logarithmes et des autres fonctions mathématiques. Ces tables sont plus accurates, et plus extensives que
celles du Bureau du Cadastre, compileés les années 1794–1801 par Gaspard de Prony et une foule de ses aides. On
ne publia qu’une petite partie des tables de Sang (comme celles de Prony) : ses tables du 1871 des logarithmes à
7-places décimales. Les matières et le destin des manuscrits de Sang, les efforts abortifs de les publier, et quelques
méthodes de Sang sont décrits. Une biographie brève de Sang esquisse ses autres contributions à la science et la
technologie en Écosse et en Turquie. Remarquablement, les tables fut compilées dans ses heures de loisir.
 2003 Elsevier Science (USA). All rights reserved.
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1. Life and works
Nowadays, it is easy to forget the importance of mathematical tables, both as calculating aids and
as ‘repositories’ of mathematical functions. Ptolemy’s Almagest from the 2nd century A.D. gave tables
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century revolutionised previously-cumbersome arithmetic calculations; and, even now, most applied
mathematicians possess and use the Handbook of Mathematical Functions, edited by Abramowitz and
Stegun [1965], listing numerical tables and formulae for well-known, and some not so well-known,
mathematical functions.1 In the 19th and early 20th centuries, many new mathematical functions
of scientific importance arose from study of the partial differential equations of “classical” applied
mathematics. Tabulation of their values and discovery of the many interesting properties connecting
them formed a major part of what was then known as “modern analysis”. As late as the 1970s, a guide
such as that of Fletcher et al. [1946], which recorded mathematical tables and their known errors, was
an indispensable aid for researchers. But much has changed since the advent of high-speed computers
made it easier to recalculate functions than to look them up in tables. Though the emphasis on numerical
precision is greater than ever, the drudgery of lengthy hand calculations is now replaced either by pre-
existing computer programs or by individual programming skills.
But the use of tables was not confined to research scientists and mathematicians. With the growth of
engineering and commerce in the 19th century, the need for accurate logarithmic and trigonometrical
tables as aids for computation was widespread. Greater accuracy than before was required for surveying,
navigation, and astronomy and in the growing financial sector of banking, insurance and actuarial work.
Often, the human computers who devoted substantial parts of their lives to the compilation of tables
were not the leading mathematical lights of their day—though Newton and Euler were certainly among
those who displayed outstanding arithmetical facility. Not surprisingly, many of the best mathematicians
seem to have recoiled from such repetitive work. Yet it comes as something of a surprise to learn that, after
the calculation of common logarithms by Henry Briggs [1624] and Adrian Vlacq [1628]—both works
containing numerous errors—, there was no extensive recalculation, ab initio, of common logarithms
until the huge French project directed by Gaspard de Prony was undertaken during 1794–1801.
Despite the perceived need for reliable tables in astronomical, geodetical and other scientific work
requiring high accuracy, Prony’s tables were never published. The same fate awaited the tables of Edward
Sang, discussed in the present paper, which outdid even those of Prony in extent and accuracy. Sang’s
talents were recognized, though not greatly rewarded, in his own day; and his range of interests in
mathematics, physics, engineering, and astronomy was impressively wide. Though now little known to
historians of mathematics, he deserves recognition as one of the great table-makers, and a rapid calculator
par excellence. The substantial role as assistants played by two of his daughters is also noteworthy.
Edward Sang was born on 30 January 1805 at Kirkcaldy, in Scotland, the 6th child and 2nd son
of 11 children of Edward Sang (1771–1862), nurseryman and sometime Provost of Kirkcaldy, and his
wife Jean (or Jane) Nicol (1775–1840). As Edward’s parents belonged to the dissenting Berean sect
who were “antipaedobaptists,” none of their children was baptized.2 Edward attended a subscription
school, founded by his father and others, under a gifted and unconventional headmaster, Edward Irving.3
1 An updated edition of Abramowitz and Stegun [1965] is currently in preparation. For an overview of table construction
through the ages, see the recent collection From Sumer to Spreadsheets edited by Campbell-Kelly et al. [2003].
2 The main published sources for Sang’s biography are Peebles [1897], Knott [1915b], and Davidson [1956]. Further family
details, drawn mainly from genealogical and census records, were kindly supplied to the author by Ann Burgess, a descendant
of the Sangs.
3 Edward Irving (1792–1834) was a friend of the writer Thomas Carlyle, who briefly taught in a rival school in Kirkcaldy
at that time, and who later wrote a memoir of Irving [Carlyle, 1881]. After he left schoolteaching, Irving became a famous,
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would have been their uncle, William Nicol, an expert in optics: see below. At the age of 12, Edward
completed his schooling and was awarded a prize of Legendre’s Eléments de géométrie for his success
in mathematics. There seems little doubt that he could and did read it.
Entering Edinburgh University in 1818, he had to enroll in John Leslie’s second class of mathematics,
since the third, advanced, class was not taught in that year. Small for his age, and still just 13, he was
first mocked by his fellow students, but they were soon in awe of his precocious talent. In 1819, Leslie
took over the chair of natural philosophy and William Wallace was appointed as his replacement in
mathematics: as a result, there was again no advanced class in mathematics. Despite periods of illness,
the young Edward impressed both Leslie and Wallace, who wrote complimentary class testimonials for
him [S, 86].5
On leaving university in 1824, he first worked in Edinburgh as a surveyor, civil engineer, and
mathematics teacher, and he lectured on natural philosophy (perhaps as John Leslie’s assistant). He
published several papers on disparate topics and actively participated in Edinburgh’s Royal Scottish
Society of Arts, to which he was elected a Fellow in 1828. By 1836 he was its vice-president and delivered
an “Annual Report on the State of the Useful Arts” [Sang, 1829] concerning improvements to the planing
engine and turning lathe. In 1840, his Essays on Life Assurance [Sang, 1840] were privately published.
On 22 January 1832, he married Isabel Elmslie (1803–1880), and they had five children: Anna Wilkie
Sang (1832–1917), Jane Nicol Sang (1834–1878), Edward Elmslie Sang (1835–1882), Flora Chalmers
Sang (1838–1925), and Isabella Miller Sang (1841–1884).
William Wallace retired from the Edinburgh mathematics chair in 1838, and Sang applied for the
vacant post. Another local candidate was John Scott Russell.6 However, neither was seriously considered,
the front-runners being Philip Kelland and Duncan Farquharson Gregory, both graduates of Cambridge.
The Englishman Kelland was successful. Not long afterwards, Sang left Edinburgh for Manchester where,
during 1841–1843, he held the post of Professor of Mechanical Sciences at the nonconformist Manchester
New College.7 Sang had been elected a Fellow of the Royal Society of Edinburgh in 1836; but his
fellowship was cancelled in 18408 perhaps because he no longer wished to afford the subscription in
view of his imminent departure from Edinburgh.
The move to Manchester was not unusual for a gifted and technically minded Scot. Robert H. Kargon
[1977, p. 100] has noted “the remarkable large number of Scottish names in the scientific and technical
and controversial, preacher. His unconventional beliefs led to expulsion from the Church of Scotland. In 1832, he founded the
“Apostolic Catholic Church” [Oliphant, 1862].
4 Edward’s younger brother, John (1809–1887), became quite well known as a civil engineer and inventor, working mainly
on railways and waterworks. He contributed three artifacts to the Great Exhibition of 1851 [Anon., 1851, 1887]. Notably, all
five of the Sang brothers attended Edinburgh University for at least one year.
5 The abbreviation “S” followed by a number refers to the voluminous collection of manuscript material relating to Edward
Sang held in the National Library of Scotland. The number refers to the particular volume or folder within this collection. On
John Leslie (1766–1832) and William Wallace (1768–1843) see Craik [1999, 2000], Panteki [1987], and references therein.
6 John Scott Russell (1808–1882) later had a notable, if turbulent, career as an engineer, naval architect, and shipbuilder
[Emmerson, 1977]. He is now best known to mathematicians for his experimental discovery of solitary waves on water
[Bullough, 1988; Craik, 2003].
7 The New College was founded in 1793, replacing the Manchester Academy, and it numbered John Dalton among its early
professors. It transferred to York about 1800, but later returned to Manchester [Charlton, 1951; Kargon, 1977].
8 I am grateful to Ms Vicki Ingpen of the Royal Society of Edinburgh for checking the fellowship record.
50 A.D.D. Craik / Historia Mathematica 30 (2003) 47–84institutions of the city” at that time, citing as causes Scotland’s economic depression, the quality of
Scottish scientific education, and Manchester’s rapid industrial growth. But in 1843 Sang’s career took a
more dramatic turn, when he went to Constantinople to establish engineering schools, and plan railways
and an ironworks.9 He learned Turkish and lectured in that language at the Imperial School, Muhendis-
hana Berii. While there, he gained fame by predicting the solar eclipse of 1847 and thereby dispelling
local superstition. According to Sang’s obituarist, D. Bruce Peebles [1897, p. xxii], his pupils prepared
several textbooks based upon his lectures.10 In 1849, while still in Turkey, he was re-elected a Fellow
of the Royal Society of Edinburgh. He was invited by the British Association for the Advancement of
Science to go to Russia to observe the total solar eclipse of 1851; but, receiving too short notice and calm
weather delaying his voyage, he arrived too late to make many useful observations. In the following year,
his A New General Theory of the Teeth of Wheels [Sang, 1852], written in Constantinople, was published
in Edinburgh.
Much against the wishes of the Sultan Abdul-Mejid I, Sang resigned his post in 1854. He may have
been influenced by the fact that his children were approaching adulthood. But the main reason for his
leaving Turkey was surely the deteriorating political situation: Russia had declared war on Turkey in
October 1853, and the French and British fleets intervened on Turkey’s behalf. The Crimean War began
in September 1854, when Great Britain and France, later followed by Austria, declared war on Russia.
On his return to Edinburgh, Sang busied himself “as a teacher of mathematics, actuary and general
consultant in a wide variety of subjects involving applied mathematics” [Davidson, 1956, p. 26], with
premises at the fashionable location of 2 George Street. In 1856, the Faculty of Actuaries in Scotland
was established as a professional association, with the aim of promoting “a satisfactory school of
actuarial study” [Davidson, 1956, p. 33]. Sang was involved from the start in the planning of qualifying
examinations and a library; and in the first year he gave a course of four actuarial lectures. By 1859, the
Faculty was fully operational, with a junior affiliated body, the Actuarial Society, providing for the needs
of students. Sang, the first official lecturer to the Faculty, provided courses to the Society: he published
A Treatise on the Valuation of Life Contingencies [Sang, 1864b], he reissued extended Life Assurance
and Annuity Tables [Sang, 1841], and in 1868 he delivered an Address to the Actuarial Society [Sang,
1868b]. According to A.R. Davidson [1956, p. 29]: “Sang’s influence on the actuarial aspirants of his
day was immediate and all-important. . . and from him and one or two others came the original impetus
for actuarial study and original investigation in Scotland.”
Sang published individualistic books on Elementary and Higher Arithmetic [Sang, 1856, 1857]. He
recommended that additions and multiplications should begin with the largest units and proceed to the
smallest, in reverse of the usual practice, the apparent difficulty of carried digits being easily coped with
after a little experience.11 To calculate multiples of two numbers, he explained the use of a table of
“quarter squares,” with the formula
ab= (a + b)2/4+ (a − b)2/4;
9 It is probable that he was accompanied by his family. Though I have found no direct confirmation of this, they were certainly
absent from Edinburgh during the census of 1851 (information supplied by Ann Burgess).
10 I am unable to examine Turkish sources for any surviving material relating to Sang. I should be most interested to know if
any comes to light.
11 He wrote that: “. . . when we begin to work from the left hand, every operation adds to our previous experience, and we
soon become familiar with large numbers, so much so that the rapidity of mental calculation comes far to exceed the swiftness
of the pen” [Sang, 1856, p. vii].
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and to use logarithms, working always to seven or more decimal places. Though most of the arithmetical
procedures that he advocated never became common practice, there is no doubt that they worked well for
himself, an arithmetician par excellence.
It is very likely that he taught these methods to his daughters Flora and Jane, who assisted him in
his logarithmic calculations. If, as I believe, his wife and children accompanied him to Turkey, the five
children may well have received much of their education from their parents. For, when Sang returned to
Edinburgh in 1854, the eldest, Anna, was 22 years old, Jane was 20, and Flora 16.
Astronomical conversion tables [Sang, 1868a] appeared three years before his 7-place logarithms
[Sang, 1871] discussed below. Later, his Progressive Lessons in Applied Sciences [Sang, 1875d] appeared
in three volumes. Mundane interest tables and a ready reckoner by “Edward Sang, Commission agent,
etc., St Andrews” [1873] are by a relative of the same name.13 Other minor publications relating to astron-
omy, absent from published lists of Sang’s writings, are Sang [1860, 1879]: the former, for popular use,
concerns the solar eclipse of 1860 as seen from London, much as he had done at Constantinople in 1847.
No doubt influenced by his former schoolteacher Edward Irving, as well as his own experience, Sang
held forthright views on teaching mathematics and natural philosophy. He disapproved of rote learning,
believing that these subjects should not be taught abstractly, but demonstrated in relation to the practical
arts and crafts and to aspects of everyday life. In particular, he was opposed to the rigid Euclidean
approach to geometry [Sang, 1887a]. These views were very much in line with the ideals of the Royal
Scottish Society of Arts, and of the various Mechanics Institutes established around this time to educate
tradesmen and apprentices.
The mathematical courses which Sang took in Edinburgh under Leslie and Wallace emphasized
traditional Euclidean geometry and algebra, with only a little calculus in the “advanced” class: see
Craik [1999, 2000]. Nevertheless, Sang acquired a good knowledge of calculus and analysis. In natural
philosophy, Leslie’s courses covered mechanics, hydrostatics, optics, heat, electricity, magnetism, and
practical astronomy. Although the mathematical content of these courses was not high, Sang’s workbooks
[S, 86] show that the problems set by Leslie were challenging and required a good grasp of physical
principles.
Mainly for Edinburgh-based journals, Sang wrote many papers on mathematical, mechanical, optical,
and actuarial topics. He built elegant physical apparatus, and he was a meticulous engineering
draughtsman. One of his experiments is said by Peebles [1897, p. xxiv] to have anticipated Foucault’s
famous pendulum demonstration of the Earth’s rotation.14 The harbor of Sang’s home town of Kirkcaldy
was the beneficiary of his innovative dioptric light [Sang, 1838].15 Sang’s publications, and preserved
unpublished manuscripts, cover an immense range of interests and a 60-year timespan. A few are on
12 Surprisingly, the first table of quarter-squares, providing an alternative to logarithms as an aid to multiplication, was not
published until 1817: see Glaisher [1874, p. 74].
13 This is almost certainly the son of Edward’s elder brother David. The birth of a daughter to this Edward and his wife
Margaret Fortune Philp was recorded in St Andrews in 1862 [OPR]. The Edward Sang who “edited and completed” a work by
Walter Nicol [1820] on market gardening and forestry is certainly the father of “our” Edward.
14 In 1836, 18 years before Foucault’s famous experiment, Sang described to the R.S.S.A. a gyroscopic experiment which
could have demonstrated the rotation of the Earth; but he never built it. Sang’s paper was later reprinted in his “Remarks on the
Gyroscope”, Transactions of the Royal Scottish of Arts 4 (1856) 413–419.
15 Sang’s light provided the model for the lantern of the famous lighthouse completed at Skerryvore in 1844 by Alan
Stevenson: an 1885 letter to Sang from John Milne, whose father had built Sang’s lantern, attests to this fact [S, 88]. However,
52 A.D.D. Craik / Historia Mathematica 30 (2003) 47–84mathematics unconnected with any application (e.g., [Sang, 1829]) but the bulk concern topics in physics,
astronomy, and engineering, ranging through flywheels and turning lathes, vibrating wires, toothed
wheels, clock mechanisms, meteorological observations, carpet manufacture, railways, achromatic
optical lenses, construction of arches, surveying methods, the form of ships’ hulls, actuarial calculations,
and solar eclipses. He also wrote several articles for the Encyclopaedia Britannica. Peebles [1897] lists
112 works, and the Royal Society Catalogue of Scientific Papers 1800–1900 gives the same number.
Poggendorff [1863–1904, pp. 1170, 1171] devotes a page to his works. The three lists are not the same
and none is complete.16
Among Sang’s last papers was an examination of the strains on the Forth Railway Bridge, then
under construction near Edinburgh [Sang, 1887b].17 In 1892, two final papers appeared posthumously
in Proceedings of the Royal Society of Edinburgh. One, “On the extension of Brounker’s method. . .”
[Sang, 1892b], had been Sang’s last paper to the R.S.S.A., read on his behalf by Professor P.G. Tait just
a week before Sang’s death. The other, an optical paper on Nicol’s polarizing prism [Sang, 1892a], had
been read to the Royal Society of Edinburgh 55 years previously in 1837, but not printed. The doubly
refracting Nicol prism was invented in 1828 by Edward Sang’s uncle, William Nicol (1768–1851), who
for a time worked as assistant to John Leslie. (Nicol also pioneered the preparation of thin sections of
geological samples for examination by microscope.)
In a 1934 retrospect to commemorate the 150th year of the Royal Society of Edinburgh, its President,
the biologist and polymath D’Arcy Wentworth Thompson, paid tribute to Sang. He mentions that in 1859
Sang had been a candidate for the Edinburgh Natural Philosophy Chair, when Tait won it over Clerk
Maxwell; and he singles out Sang’s logarithmic tables as among the Society’s most prized possessions.
He also recounts that Sang’s paper on the Nicol prism, though read to the Society, “was never published,
no one knows why; and when [Sang] was dying he spoke of it to Tait. Tait made instant search among
our files for the paper, had it read and printed—but poor Sang was dead. Had it been published when
it was written it would have been one of the most important scientific papers of the time” [Thompson,
1934, p. 152].
Rather late in life, Sang received various honors. He received prizes from the Royal Scottish Society
of Arts (1861), the Institution of Civil Engineers, London (1879), and the Royal Society of Edinburgh
(1886). He was elected a corresponding member of the Royal Tunis Academy (1881), an honorary Ll.D.
of Edinburgh University (1883) and an honorary member of the Franklin Institute, Philadelphia (1884)
[Peebles, 1897]. In 1882, the Royal Scottish Society of Arts honoured him for his lifelong association
as member, contributor, Vice-President and longtime Secretary, presenting him with a bound volume of
his contributions to its Proceedings over a 50-year period. In his address, the President, William Swan
alluded to “the everlasting discredit of our country” in failing to provide the means to publish Sang’s
Alan Stevenson also had connections with the French optical pioneers, Augustin and Leonor Fresnel, and his lantern was built
in France by Augustin Fresnel’s lensmaker, Soleil [Bathurst, 1999, Ch. 6].
16 Some of Sang’s contributions to the Transactions of the Royal Scottish Society of Arts are missing, and many items in
Peebles’ list consist of brief titles and dates only, with no indication of whether published or where.
17 Then aged about 80, he had grave doubts about the safety of the design. However, it seems that he was no longer abreast
of state-of-the-art techniques, which had moved on since his own bridge-building days in Turkey. In his end-of-year address,
D. Bruce Peebles referred to this “series of valuable papers by our esteemed Secretary,” and was “sure that our respected friend
Dr Sang has too good a heart to wish the bridge to fall to uphold his theory” [Sang, 1887b, p. 256]. Fortunately, Sang was wrong
on this occasion and the famous bridge still stands.
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logarithmic tables [Swan, 1887, p. 5]. Two photographs of Edward Sang are here reproduced in Figs. 1
and 2. He died on 23 December 1890 in his 86th year.
Though Sang was well known in Scotland for his many contributions to science and actuarial studies,
his income seems to have been erratic and he never became rich. As none of his five children married, he
would have remained responsible for maintaining his four daughters and probably also his unsuccessful
son. The associated Scottish life assurance offices in 1878 agreed to pay Sang an annuity of £100 for the
remainder of his life, as recompense for his logarithms and actuarial tables; and in 1879 the Government
awarded him £100 per annum in recognition of his scientific work [Peebles, 1897, p. xxvii]. In addition,
Sang received 30 guineas p.a. from the Royal Scottish Society for Arts on his retirement in 1889 as
Secretary, after many years’ service. On his death in the following year, the R.S.S.A. elected to continue
to pay its pension to his surviving daughters [Anon., 1891, 1894].
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Sang’s Will and Inventory of Estate are recorded [COM]. In his Will, dated just four days before
his death, he describes himself as “Teacher of Mathematics and Doctor of Laws in Edinburgh,” and he
bequeaths all his possessions and books to his two surviving daughters, Anna Wilkie Sang and Flora
Chalmers Sang. Both lawyers testifying to the authenticity of the Will were relations: George Sang,
Solicitor to the Supreme Courts, and John Henry Sang, Writer to the Signet.18 His inventory makes sad
reading. His personal estate including furniture totalled 115 pounds and 6 pence, and his total debts
amounted to 840 pounds, 9 shillings and 10 pence.19 The debts were declared unrecoverable from the
estate. But it seems that no attempt was made to sell Sang’s tables to repay them. Some debts may have
been written off, and others discharged by the daughters or other relatives.
18 George Sang SSC was a son of Edward’s sister Mary; and John Henry Sang WS was George’s son (information supplied
by Ann Burgess). A Writer to the Signet is a Scottish law agent, equivalent to a solicitor.
19 The main debts were £449 – 15 – 3 to a James Carlyle, and £276 – 9 – 10 to George Sang SSC (a promissory note for £200
dated 1881, plus interest). Smaller sums were due to Blackwood Publishers, Neill & Co. Printers, and various tradesmen, and
shopkeepers, together with servant’s wages and outstanding rent on his house.
A.D.D. Craik / Historia Mathematica 30 (2003) 47–84 552. The Sang manuscripts
The Scotsman newspaper of 5 November 1907 carried the following report:
Dr SANG’S LOGARITHMIC TABLES.
At a meeting of the Royal Society in the Mound buildings last night, Dr R. H. Traquair, who presided, made the following
statement regarding the gift by the Misses Sang to the nation of the late Dr Sang’s MS. Logarithmic and Mathematical Tables, which
are now, by deed of gift, in the custody of the Society:—At the Council meeting of July 5th, 1907, the following communication
was received from the Misses Sang, daughters of the late Dr Edward Sang:—“We, the daughters of the late Dr Edward Sang, LL.D.,
F.R.S.E., owners under his will of his collection of MS. calculations in trigonometry and astronomy, having by letter of gift of date
February 12th, 1906, given the above collection to the president and Council of the Royal Society of Edinburgh, and having by the
cancelling on the 24th May 1907 of their acceptance thereof received back the collection from the president and Council of the Royal
Society of Edinburgh, do hereby give the said collection to the British nation, and do hereby appoint the president and Council of the
Royal Society of Edinburgh custodiers of the said collection in trust for the British nation, with power to publish such parts as may
be judged useful to the scientific world. We do also hereby give into the custody of the president and Council of the Royal Society of
Edinburgh, in trust for the British nation, the duplicate electrotype plates of Dr Sang’s 1871 New Seven Place Table of Logarithms
to 200,000, with power to use them for reproducing new editions, or publishing extended tables of seven place logarithms. We would
express the hope that Dr Sang’s idea and plan for reproducing an authoritative and accurate logarithmic table, as explained in the last
paragraph (p. 6) of the preface to the 1871 New Table of Seven Place Logarithms, will be borne in mind, and given effect to. (signed)
Anna Wilkie Sang; Flora Chalmers Sang. Oakdale, Broadstone Park, Inverness, 1st July 1907.”20 [Anon., 1907]
The Scotsman report is a verbatim extract from the Minutes of the Council of the Royal Society
of Edinburgh, which later appeared in its Proceedings [Knott, 1908] and was partially reprinted by
Horsburgh [1914, pp. 38–47]. These continue with a brief description of the tables:
The manuscript volumes number forty-seven in all, the contents of thirty-three of which are in transfer duplicate [i.e., a total of 80
volumes]. Volumes 1 to 3 contain the details of the steps of the calculations on which the results contained in the next thirty-six
volumes are based.
Volume 4 contains the logarithms, calculated to 28 figures, of the prime numbers up to 10,000, and a few beyond.
Volumes 5 and 6 contain the logarithms to 28 figures of all numbers up to 20,000.
From these the succeeding thirty-two volumes are constructed, giving the logarithms to 15 places of all the numbers from 100,000
to 370,000.
This colossal work must ever remain of the greatest value to computers of logarithmic tables. It is a great national possession.
The other Tables in the collection are trigonometrical and astronomical. Of special interest are the Tables of Sines and Tangents
calculated according to the centesimal division of the quadrant. . .
. . . In the name of the British Nation, the Royal Society of Edinburgh now publicly thank the Misses Sang for their valuable gift,
and, as custodiers of these manuscript volumes, undertake to do all in their power to make them of real use to the scientific world.
[Knott, 1908, pp. 183, 184]
Sang’s logarithmic tables are, of course, common logarithms to base 10.
The PRSE article continues with a 9-page account drawn up in November 1890 by Edward Sang
himself [Knott, 1908, pp. 184–193]. In this, Sang summarizes the contents of his logarithm volumes
more fully than above. He tells that, “In the year 1848, encouraged by the acquisition of a copy of that
admirable work, Burckhardt’s Table des Diviseurs [Burckhardt, 1816] up to three million, the idea took
a concrete shape in my mind, and I resolved to systematise the work which before I had carried on
in a desultory way” [Knott, 1908, p. 185]. He then explains that the trigonometrical and astronomical
tables employ “centesimal division,” in which angular degrees and minutes are abandoned, with 100c
(“centesimal degrees”) now making a right angle and 400c a full circle. This “degree” was itself divided
20 The sisters’ original declaration survives in [S, 2].
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du Cadastre under the direction of Gaspard de Prony,21 which used this centesimal division of the circle.
Sang was convinced that this was essential in astronomy: “How much the change is needed may be
estimated by an inspection of the Nautical Almanac. Every page in it cries out aloud in distress, ‘Give us
decimals’ ” [Knott, 1908, p. 189]: see also Sang [1884a].22
His volume 40, Sines, calculates to 33 places “the sines of arcs differing by the 2000th part of the
quadrant” [Knott, 1908, p. 191]: that is, for angles differing by 5m. Volumes 41–42 give the Canon of
Sines to 15 places, for arcs differing by 1m, together with their first and second differences: these were
obtained by interpolation between the values of Volume 40. Volume 43 gives logarithms of sines and of
tangents to 15 places, from 100c00m to 50c00m (i.e., 90◦ to 45◦ in usual units), with first, second, and
third differences. Sang notes that this volume alone contains over 2,800,000 digits: see also Sang [1884b].
Volume 44 concerns Sines in Degrees: actually (4 sin θ)/π versus θ in centesimal degrees. And Volume
45 gives Circular Segments, which are “intended to facilitate calculations concerning the elliptic motions
of the planets” [Knott, 1908, p. 193].23 The two concluding volumes, 46–47, give mean anomalies of
planetary orbits in terms of their ellipticity.
Sang’s account is followed by an illuminating explanatory statement from Flora Chalmers Sang, dated
20 December 1907. In this, she writes:
I desire to supplement the above documents with the following personal explanation.
On the evening on which my father first brought his MS. Calculations before the Royal Society of Edinburgh [in 1874], when I
learnt that he intended to associate my sister Jane’s name and my own with his in the calculation of the 15-place Table of Logarithms,
I objected so strongly to having my name brought before the public that he was obliged to yield to me.
Here I acknowledge that I was wrong in my refusal, since by it I placed my father in a false position. It is in order to redress this
error of mine that I write this explanation.
In November 1890—the month before his death—when in his sick-room he was drawing up his “Account,” he said to me, he did
not see why he should not acknowledge the assistance we had given him, and I at once consented.
My father had inscribed the volumes calculated and written by himself with his own name. In those calculated and written by my
sister and by myself, he had pencilled our respective initials. He requested me, as he felt able, to bring our volumes to him in order
that he might write in our names in full. His strength, however, failed him before the task was accomplished. Some months later I
myself completed it. [Knott, 1908, pp. 193, 194].
There follows a table, indicating “the exact extent of the assistance rendered by Dr Sang’s daughters,
Miss Jane Nicol Sang and Miss Flora Chalmers Sang, in preparing the logarithmic tables” [Knott, 1908,
p. 194]. This shows that Jane compiled 5 volumes (numbered 7, 32–33, 36–37); Flora 16 volumes (8–11,
20–27, 31, 34–35, 38); and Edward 26 volumes (1–6, 12–19, 28–30, 39–47). This means that Edward
compiled all of the 28-place logarithms (1–6) and all of the trigonometric and astronomical volumes
21 Gaspard-François-Clair-Marie Riche de Prony (1755–1839) was appointed director of the cadastral survey of France in
1791: see Grattan-Guinness [1990, 2003], Swade [2003]. The Bureau du Cadastre was responsible for land surveying, and by
extension, the making of tables to facilitate trigonometric calculations.
22 A contrary view, supporting the compromise nowadays usually adopted, was expressed by J.W.L. Glaisher: “The centesimal
division of the degree is of paramount importance, whereas the centesimal division of the right angle is of next to none at all; and
had the French mathematicians at the end of last century been content with the former, it is not unlikely that their tables would
have superseded the sexagesimal ones still in use, instead of having been almost totally ignored by computers. The hundredth
part of a right angle is almost as arbitrary a unit as the ninetieth” [Glaisher, 1874, p. 64 (footnote)].
23 The function tabulated is x − (200/π) sin x, which is twice the area of a segment of a circle of unit radius, with angle x in
centesimal units.
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Auxiliary Table (39). In all, 21 volumes of the 32 devoted to 15-place logarithms were compiled by
Jane and Flora; but Edward, in volumes 12–16, himself recalculated the results which his daughters had
completed in 7–11. Presumably, their agreement convinced him that no such duplication of effort was
necessary on later volumes.
Each manuscript volume is meticulously annotated by Sang with starting and completion dates and
remarks on accuracy: see Section 6 below. The entire calculation of logarithms began in December
1848 and had “occupied the leizure [sic] portion of 27 years” [S, 18]. The trigonometric tables were
completed after the logarithms. Volume 40, Sines to 33 places [S, 50], was displayed at the Royal Society
of Edinburgh in January 1878; and Volumes 41–42, Canon of Sines to 15 places [S, 51–52], are dated
1880–1881.
On receiving the volumes in 1907, the intention of the Royal Society of Edinburgh was to retain
the originals in its library, and to lodge the duplicates in Edinburgh University Library [SEU]; but at
some stage Vols. 7–11 (Logarithms 10–14) were sent to the University, perhaps by mistake, where they
remain.24
In addition to these 47 volumes and their duplicates, further material was presented by the Misses
Sang in 1907 and 1914, both to the Royal Society of Edinburgh and to Edinburgh University [S; SEU].25
This included still more volumes of tables, one on aids to constructing logarithms of numbers [S, 82]
and others on trigonometric quantities and their logarithms. A typewritten guide to the Sang Manuscripts
formerly in the Royal Society of Edinburgh (circa 1970s: author’s copy) begins with the words: “The
RSE holds for the benefit of the nation, 57 bound and 19 unbound volumes. . . Most of the material was
found cast higgedly-piggedly [sic] into boxes in the stationery cupboard. The rest was on shelves in the
library.” The Sang correspondence and manuscripts held by the R.S.E. when its library was dispersed in
1983 were transferred to the National Library of Scotland [S], where they are better cared for but seldom
consulted.
3. The gift of the manuscripts
The report of the Society’s return of the gift, and its subsequent acceptance of the tables for the British
Nation, hint at the disquiet felt by Anna and Flora Sang over the initial arrangements. This is documented
in a folder of the Society’s correspondence [S, 2], to which all quotations and summaries in this section
refer, unless otherwise attributed.
24 The volumes not repeated in transfer duplicate are 1–6 (description of logarithmic calculations and results to 28 places
of all numbers up to 20,000); 7–11 (which are duplicated in 12–16); 40 (Explanation of calculations of Sines); 44 (Sines in
Degrees); and 46 (Mean Anomalies (A)).
25 This material includes manuscripts of published and unpublished papers and offprints; and Sang’s student “Exercises” dated
1821–22, with comments by John Leslie and William Wallace, together with their class testimonial certificates [S, 86]. Sang’s
own handwritten transcript of Napier’s Mirifici logarithmorum canonis descriptio [1619], and his remarks on the Constructio,
are in [SEU, Gen.324] and [S, 65] respectively; and his personal copy of Edward Wright’s 1618 translation of Napier’s
Descriptio [Napier, 1616], which previously belonged to William Wallace, is still in the possession of the Royal Society of
Edinburgh. Many other items of Sang’s personal library, some previously owned by John Leslie and William Wallace, were also
formerly in the library of the R.S.E.; but most were sold in 1983.
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Government; and, when this failed, Flora Sang wrote on 5th January 1905 to Lord Kelvin,26 as President
of the Royal Society of Edinburgh, thanking him for his past support and asking whether the R.S.E. would
purchase the tables for their library. Kelvin replied promptly that he would send her letter to the Council
for consideration and that he hoped that this could be done. That same day, Kelvin informed George
Chrystal of the request; and, a few days later, on January 13 1905, the Council of the R.S.E. appointed a
Committee, comprising Dr. Cargill Knott (convener), Dr. James Burgess, and a Dr. Halm, to consider and
report on the value of Sang’s manuscripts. Cargill Knott and James Burgess were themselves compilers
of mathematical tables.27
To assist it, the Committee sought the opinion of “eminent calculators abroad” [Knott, 1908, p. 195],
who included J. Bauschinger, F.W. Ristenpart and L. Bertrand.28 Yet, when it reported to the R.S.E.
Council on May 19th 1905, it had received only Bauschinger’s reply, dated 26th April, those from
Ristenpart and Bertrand being dated 27 May and 18 June, respectively. Without waiting for their advice,
the Committee recommended:
that the Council should take every measure within its power to secure these tables as a National Possession, by raising such a sum
as would make some provision for the Misses Sang, to whom, as their father’s collaborateurs [sic] acting under his guidance the
completeness of the Tables is so far due. The fact that Dr Sang’s Daughters gave effective assistance in the preparation of the Tables
has not perhaps received the attention it merits and it might be made the basis, along with other considerations, for a renewed
application on their behalf for a small pension from the privy purse.
Notably, no attempt was made to distinguish between Flora, who had helped with her father’s tables, and
Anna, who had not.29
The Committee also suggested that invitations to subscribe be made to actuarial and other societies and
to private individuals who knew Sang or had been taught by him. The Committee’s report was accepted
by Council, which asked the Committee to make appeal to the British Museum and the Treasury with a
view to acquiring the Sang manuscripts for the nation.
26 The eminent physicist William Thomson, Baron Kelvin of Largs (1824–1907).
27 George Chrystal (1851–1911) was then Professor of Mathematics at Edinburgh University and General Secretary of the
R.S.E. Cargill Gilston Knott (1856–1922) was then lecturer in applied mathematics at Edinburgh University. During 1883–
1891, Knott had been Professor of Physics at the Imperial University of Japan in Tokyo. Knott’s four-figure tables [Knott, 1905]
were in general use in Scottish schools (where they were used by the present author), until displaced by pocket calculators in
the 1970s. James Burgess lectured on engineering at Edinburgh University and published the first extensive table of the error
function [Burgess, 1900]. Kelvin wrote to Chrystal that “Burgess, I believe, knows all about the late Mr. Sang’s calculations. . .
I think he probably knows the family” [S, 2].
28 Julius Bauschinger was a noted compiler of logarithmic and other tables (e.g., Bauschinger and Peters [1910]: then based
at the Königliches Astronomisches Rechen Institut in Berlin, he was head of staff of the Astronomische Jahrbuch. Friedrich
Wilhelm Ristenpart was Director of the Astronomical Bureau of the Prussian Academy. L. Bertrand of Paris is not the well-
known Joseph Louis François Bertrand (1822–1900). He signed himself “Lt Colonel de Génie” and so was a military engineer.
He does not seem to have published any scientific papers, unless he is the Léon Bertrand who published papers on geology.
Rather, it seems likely that he was associated with logarithmic and trigonometric tables published by the Service géographique
de l’armée in 1891, which were abbreviations of Prony’s tables: see Grattan-Guinness [1990].
29 The R.S.E. Memorandum to the First Lord of the Treasury states that: “The Misses Sang themselves rendered their father
effective assistance in the preparation of the tables, and they have preserved them with the greatest care since his death. They
are now both advanced in years, the one being over 70 and the younger a few years short of that age. A small pension for the
remaining years of their lives would be some recognition for a great work” [S, 2].
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the Prime Minister, Arthur J. Balfour, that a civil list pension should be granted to the daughters. On 11
October 1905, he wrote again that, for the tables, “five or ten thousand pounds would not be too much
to reckon as their pecuniary value, for anyone who could afford to buy them.”30 Kelvin mentioned the
same sum in a letter to Balfour, but added that “a pension might be more suitable for the old ladies than
any sum of money.” The Secretary of the Royal Society of Edinburgh, Sir Archibald Geikie, also actively
supported the case.31
On 7 December 1905, Knott wrote to the Sang sisters to congratulate them on
having at last got recognition by our Government. . . . If you are prepared to hand over the Volumes to the custody of the Royal Society
of Edinburgh, I would suggest that you draw up a formal agreement. . . . Also, there is no necessity saying in your note of transfer that
you have sold the volumes to us—for although you suggested to us that we should buy them, in a technical sense we have not done
so. We have I think done much better. . . .32
On 12 February 1906, Anna and Flora Sang duly wrote to the President and Council of the Royal
Society of Edinburgh that they “give to you [their father’s] Collection of Manuscript Calculations in
Trigonometry and Astronomy. Also a number of other Tables etc. some bound and some unbound.” They
received a reply on 24 February from George Chrystal, thanking them “in the name of the Society for
handing over the valuable collection.” Matters then proceeded to unravel spectacularly. On 28 February,
the sisters objected to Chrystal’s letter on two points. First, that they “did not ‘hand over the valuable
collection;’ but gave it;” and second, they had given not one, but two, collections. Furthermore, they
could not keep the books for a further three months or so, as was suggested: they were ready for lifting
and should be removed as soon as possible. Chrystal’s reply on 2 March 1906 expressed regret that
his letter “should appear to be open to misconception. The word “collection” was intended to be taken
collectively. . .,” and he reassured them that he would make arrangements to receive the books at once.
Though the outcome was clearly in their best interests, the sisters resented the fait accompli negotiated
with the Government behind their backs. They wrote to Chrystal that “The Council has never made us
an offer. We have never had any communication whatever from the Council until we received your letter
[of February 24th].” Quibbling about Chrystal’s phrase “given into the custody of the Society,” the sisters
“cannot accept any letter of acknowledgment which is not in strict accordance with our letter of gift.” An
acceptable alternative form of words was eventually found; but the sisters pressed on with a long letter
to the President and Council on March 15, 1906, explaining the reasons for their distress. On receiving
Knott’s letter of 7 December 1905, which they believed
contained, and was based on, representations which quite inaccurately represented our position and the facts, we were astonished and
angered. It was evident. . . that negotiations concerning the Collection had taken place. The Collection was our property, ours to give
or to withhold, as we saw fit. No negotiations or undertakings concerning it, entered into between any parties whatsoever, without
30 Though this might seem a large sum, over 70 years previously Charles Babbage had received Treasury grants totaling
£17,478, and had spent a large sum of his own fortune, in failing to construct a working difference engine for the automatic
construction of mathematical tables [Swade, 2000, p. 67]. In 1842, the Prime Minister, Sir Robert Peel, had written despairingly:
“What shall we do to get rid of Mr. Babbage and his calculating machine?. . . It has cost £17,000 I believe and I am told it would
cost £14 or £15,000 more to complete it” [Swade, 2000, p. 135].
31 Outgoing letters quoted are from drafts or copies retained by the R.S.E. and now with the Sang MSS [S, 2].
32 Quotation from a copy of Knott’s letter, in Flora Sang’s hand, submitted to the R.S.E. on March 15, 1906.
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formal document addressed to the President and Council. . . making them custodians of the manuscript volumes. . .
Then we began to feel that since the Pension seemed also to be included in the undertakings, or negotiations, we might be placed...
in such a position that we could not, honourably, keep both the Pension and the Collection. That was the reason which we saw for
changing our minds. Not being able to afford to give up the Pension we chose to give up the books.33
The sisters finally reached agreement with the Royal Society of Edinburgh on 1st July 1907, writing to
Chrystal that: “We have the great satisfaction of at length seeing the work which our Father had so much
at heart, in its proper position and in safe keeping.” The outcome, made public on 4th November 1907,
was as stated in the Scotsman quotation given above: the Royal Society of Edinburgh formally declined
the gift, then accepted the volumes as custodians on behalf of the British Nation. The poor but proud old
ladies had made their point.
The 1907 PRSE report on Sang’s tables concludes with fullsome (translated) extracts from the letters
which Knott’s committee had received from Bauschinger and Ristenpart. Bauschinger wrote that “I can
only express my highest admiration regarding this gigantic work, which I could never have believed
it possible for a single man to accomplish. . .”; and Ristenpart that “There is indeed no question that
the work under consideration (its accuracy being assumed) possesses the highest scientific value. . .”
[Knott, 1908, p. 195]. Both supported publication of most of the volumes: Bauschinger favoured Vols. 4
(logarithms of primes to 28 places), 7–11 and 17–21 (15-place logarithms), 39, and 41–43 (sines and
tangents); and Ristenpart advised 4 and 7–38.
No extract from Bertrand’s letter was published; but it survives, together with those from Bauschinger
and Ristenpart, in the Society’s correspondence about the Sang manuscripts [S, 2]. The reason for its
suppression is clear, for it is far from favourable. Bertrand regrets that the small sample sent to him did
not allow him to judge the accuracy of the tables; he points out that Prony’s Cadastre trigonometric tables
already used the centesimal division of the quadrant, which Sang has followed; that Prony’s logarithms
give 19 decimal places for 1–10,000 and 14 decimal places for 10,000–200,000; and, although Sang gives
28 decimal places for 1–290,000,34 there exist other published tables which permit rapid calculation of
logarithms to 28 places, the required operations being rather short. He mentions tables of powers by
Bessel, which enable rapid summation of series: I have failed to locate such tables in Bessel’s [1876]
collected works; but other tables, such as those of Peters [1871], certainly helped with series summation
and interpolation.
Bertrand concludes that: “En résumé, il semble que, pour la partie la plus importante de sa tâche, Sang
[n’a?] guère fait qu’un double des tables de Prony.”35 But he understands that the Society would wish to
conserve the works of one of its members, even if not absolutely new, who had the merit of executing
alone a labor for which Prony had employed a hundred collaborators, applying the principle of division of
labor. But practical mathematics is far from needing 28 decimals, and rarely 15; so neither photographic
nor any other reproduction of Sang’s tables would meet any real need. Finally, he expresses regret that
Sang had not used his talents on a more useful task!
33 More details are in Flora Sang’s copies of letters from Knott [13th April, 1906], to Knott [19th April, 1906], to Chrystal
from Scott Moncrieff (solicitors for the Sangs) [19th July, 1906], and an offer [18 July, 1906] to sell the engraved plates of
Sang’s seven-place tables.
34 Bertrand is not quite right: Sang gave 28 places for 1–20,000, and 15 decimal points from 20,000 up to 370,000.
35
“In summary, it seems that, for the most important part of his task, Sang has merely duplicated the tables of Prony.”
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the small sample sent to him; and he was certainly correct that tables of 15 or more decimal places were
seldom, if ever, needed for practical use. But he seems unwilling to admit the shortcomings of Prony’s
tables or that Sang’s might be superior.
4. Sang’s published logarithmic tables
Before he left for Constantinople, Sang was involved in editing logarithmic and trigonometrical tables
compiled by Robert Shortrede [1844]: see also [Sampson, 1915, p. 234]. Shortrede was in India at this
time, and unable to complete the work himself. These logarithmic tables are given to seven decimal
places, for numbers 1 to 120,000; but, according to J.W.L. Glaisher: “Shortrede did not pay sufficient
attention to. . . the errata lists of previous works; and, in consequence, his tables contain a much greater
number of the hereditary errors that had descended from Vlacq than do the best contemporary works”
[Glaisher, 1874, pp. 133, 134]. Later, after returning from Turkey, Sang “arranged” a table of five-
place common logarithms in small 16◦ format [Sang, 1859], and edited astronomical traverse tables
by Shortrede [Sang, 1864a].
The first publication of Sang’s own logarithmic tables was in 1871, with A new table of seven-place
logarithms of all numbers from 20 000 up to 200 000. This is described as having been “prepared under
the auspices of the managers of the Associated Life Insurance Offices in Scotland” [Sang, 1871]: see
Fig. 3. There, he gives the logarithms of the numbers 1–1000 to 10 decimal places, and the rest to 7.
Sang published his own description of these tables in Proceedings of the Royal Society of Edinburgh
[Sang, 1872a]. He insisted on electrotype plates, rather than composition by moveable type, in order to
prevent production errors during printing due to dislodged and wrongly replaced digits. Unfortunately,
like nearly all other tables, they still contained several errors, made when the plates were engraved.36 One
set of plates remained with Sang, and are the duplicate electrotype plates presented to the British Nation
by Flora and Anna. Another set remained in the possession of the printers Neill & Co. Unfortunately,
neither set was ever corrected.
In 1873, an authoritative “Report on Mathematical Tables” was prepared by a committee of the British
Association for the Advancement of Science [Glaisher, 1874].37 This makes some very minor objections
to the layout of Sang’s tables, including a quibble over Sang’s use of the Arabic “nokta” (a diamond
shape, doubtless originating from Sang’s time in Turkey) in place of the customary asterisk to indicate
when a leading figure changes. Overall, Sang’s tables are commended as having advantages possessed
by no other for ease and accuracy of interpolation; but it is also observed that many will still prefer
Babbage [1827], except for numbers beginning with 1.38 Eight known errors are listed. It is further noted
that: “The logarithms were calculated de novo by Mr Sang, as if logarithms had never been calculated
before... This is the only calculation of common logarithms of numbers since the days of Vlacq [1628]
(except the French manuscript tables)” [Glaisher, 1874, pp. 60, 61].
36 Some correspondence about errors in the tables of Sang and Vega appeared in the Journal of the Institute of Actuaries and
Assurance Magazine 17 (1873) 298–301: the participants were Alexander J. Ellis, J.W.L. Glaisher, R. Tucker, and Sang himself.
37 The committee members were George Cayley, George Gabriel Stokes, Sir William Thomson (later Lord Kelvin), Henry
J.S. Smith, and James W.L. Glaisher (reporter).
38 Surprisingly, I have found no mention of Babbage’s rival logarithmic tables in any of Sang’s papers.
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producing some additional material to accompany unbound sheets from the 1871 edition.39 These, and
some copies of the 1871 edition, were corrected with handheld type by Edward, but few have survived.
In 1883, another “2nd ed. improved” was published; and a third edition appeared in 1915, unfortunately
uncorrected. Notes made in 1935 by C.R. Cosens and Alex Fraser (a grandnephew of Edward Sang)
describe these various editions [S, 7]. The large mid-20th-century listings of Mathematical Tables by
Harold T. Davis, Vera J. Fisher et al. [1963] and by A. Fletcher et al. [1946] fully document Sang’s tables
and related papers. For his published 7-figure tables, 11 misprints are recorded in Fletcher et al. [1946],
see Fletcher et al. [1962, Vol. 2, pp. 746, 899].
5. Attempts to publish Sang’s 9-figure tables
The original 1871 edition of Sang’s 7-place logarithms appends a list of his other works and a Notice
for a “Million Table of Nine-place Logarithms”: see Fig. 4.40 In support of this proposal, Sang published
specimen pages [Sang, 1872b], and also two articles in Proceedings of the Royal Society Edinburgh.
These are entitled “On Last-Place Errors in Vlacq’s Table of Logarithms” [Sang, 1875a] and “Remarks on
the great logarithmic and trigonometrical tables computed by the Bureau du Cadastre under the direction
of M. Prony” [Sang, 1875b].
In the first article, Sang outlines the development of logarithmic tables: John Napier’s Constructio
[1619], and the tables of Henry Briggs [1624], Adrian Vlacq [1628], John Newton [1658], and Georg
Vega [1794]. He claims that comparison of errors reveals that the last two had largely recapitulated Vlacq
without recalculation; and that:
It is indeed surprising that, after the lapse of two hundred an fifty years, we are still relying on the unchecked calculations of Briggs
and Vlacq; that among so many generations of scientific men there has not been zeal enough to effect a revision of the canon. [Sang,
1875a, p. 372]
The only work claiming to be an original computation of logarithms is that done in the Bureau du Cadastre, at the instance of the
French Government. This unpublished work contains to nineteen places the logarithms of numbers from 1 to 10,000, and to fourteen
places of those from 10,000 to 200,000. . .41 [But Sang has] not learned that these computations have been used for the verification
of those already printed. . . thus, up to the present moment we have no verification of Vlacq’s great work. [Sang, 1875a, p. 375]
By making comparisons with his own 15-place calculations of logarithms of numbers between 20,000
and 30,000, Sang lists 42 errors in Vlacq and Vega [Sang, 1875a, p. 376]. Forty of these are of just one
unit in their last, 10th decimal place; two, being misprints, are larger. Sang advocates the publication of
accurate tables, and suggests that
39 Elmslie Sang did not prosper. Just three years later, he is described in the 1881 census as a “Civil Engineer (lunatic)”
a patient in the Royal Asylum. He died there in 1882 at the relatively young age of 46 or 47.
40 Though Sang’s manuscript tables give 15-place logarithms of numbers only up to 370,000, it would have required relatively
little effort (compared with what had gone before!) to complete a million table to nine places; but such a million table was never
completed.
41 Ivor Grattan-Guinness [1990, 2003] and Swade [2003] describe Prony’s “Cadastre” tables, along with Prony’s and P.A.F.
Lefort’s accounts of them. There are two manuscript copies, each of 19 volumes. One set is in the library of the Paris
Observatoire; the other, originally retained by Prony, is now in the Bibliothèque de l’Institut de France.
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method belong to the Island; and it would be not less fitting that the first public body to move in the matter should be the Royal Society
of Edinburgh, from whose place of meeting we could almost have seen the roof under which John Nepair elaborated his invention,
and could fancy to have heard the creaking of the screw with which Andrew Hart imprinted the “Canon Mirificus” [Sang, 1875a, pp.
375, 376].
In his article on Prony’s tables, Sang reprints in full a recently published item from Nature [Anon.,
1874; Sang, 1875b, p. 423] which is hostile to his own proposed 9-place tables. Two reasons are given.
First, the proposed table of 1800 large pages would be unwieldy and so seldom used; and, second, those
requiring more than 7 figures will prefer to use 10, and consult the works by Vlacq or Vega. These
objections seem unconvincing and contradictory: 10-place tables would take up more space than 9-place
tables, and those of Vlacq and Vega, as well as containing numerous errors, were by then expensive and
hard to find. Sang is then criticized for a remarkable error
when he intimates that the great French tables have not been used to verify any seven-figure table, so that, “up to the present moment
we have no verification of Vlacq’s great work.” In point of fact, the whole of Vlacq was read with the copy of the French tables. . .
by M. Lefort, and the results are published in Vol. IV. of the “Annales de l’Observatoire de Paris”. Almost all the errors found by Mr
Sang. . . are among those given by Lefort, and any one who chooses can. . . render his copy of Vlacq all but free from error—much
more accurate than any new table could possibly be. [Anon., 1874; Sang, 1875b, p. 423]
Sang thanks the author for drawing his attention to Lefort’s work, of which he had been ignorant; and
he pays tribute to Lefort’s skill as a computer, evident from his article in Comptes Rendus which Sang
has now seen. Pierre Alexandre Francisque Lefort(-Latour) (1819–1878) worked as an engineer for the
Corps des Ponts et Chaussées, and he had made a thorough examination of the Prony tables [Grattan-
Guinness, 1990]. But, apparently based only on Lefort’s [1858a, 1858b] accounts, and certainly without
examining the tables themselves, Sang launches into lengthy and forthright criticisms of the methodology
and accuracy of the calculations of the Bureau du Cadastre.
As the methods and shortcomings of the Cadastre tables have been examined by Grattan-Guinness
[1990, 2003] and Swade [2003], the details need not be repeated here. Prony had employed the principle
of division of labour, as earlier formulated by the Scotsman Adam Smith in his A Treatise on the
Wealth of Nations [Smith, 1776]. The work was allocated to three sections: the first comprised a small
number of professional mathematicians who oversaw the project, while the second consisted of several
competent “Calculators,” who instructed and checked the work of the many assistants of the third section.
These assistants, numbering up to 80, performed only routine additions and subtractions: many were
recruited from the ranks of unemployed hairdressers. Sang criticized the project’s “little army, with its
generals and lieutenants, M. Prony himself being commander-in-chief” [Sang, 1875b, p. 425], believing
that the method followed in calculating the table of logarithms was “an egregious blunder. The result
was in accordance with the method” [Sang, 1875b, p. 431]. In particular, no effort had been made
to prevent collusion between the supposedly independent workers of the third section, who had slight
acquaintance with mathematics. And the way in which differences of up to the sixth order had been used
for interpolation was subject to rapid and large accumulation of error. This interpolation process was
quite unsuitable for filling in so many as 200 values between accurately calculated points. Furthermore,
the unpublished Cadastre trigonometric tables, “inaccessible and useless to the general scientific public”
[Sang, 1875b, p. 435], are similarly suspect. Citing the failure of the French authorities to take up a
British offer in 1819 to contribute to the cost of their publication, Sang alleges that:
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accompanied, as they have been, by the pretence of exhaustive accuracy and unrivalled extent.
. . .The tables of Prony cannot be printed without entire revision; . . . I call upon the whole body of cultivators of exact science to
shake off this incubus, to hold these tables non-existent. . . [Sang, 1875b, pp. 435, 436]
Though many of Sang’s criticisms are valid, others are based on misconceptions or misunderstandings
of Lefort’s articles; and he expressed himself in an unduly aggressive way which brought an inevitable
retort from Lefort. This was printed in Proceedings of the Royal Society of Edinburgh in both French
and in English (translated by Sang himself) [Lefort, 1875], and was followed by a reply from Sang and
a further postscript from Lefort [Sang, 1875c]. Again, there seems no need to recapitulate in detail the
points at issue. These ranged over errors in the tables of Briggs, Vlacq, Vega and Prony; discussion of
accuracy of the method of finite differences for interpolation; the cost and availability of the tables of
Vlacq and of Vega; and whether Prony had possessed a third, personal, copy of the Cadastre tables (as
Sang had mistakenly believed from his reading of Lefort’s articles).
Topping Sang’s list of 42 errors in Vlacq and Vega between 20,000 and 30,000 [Sang, 1875a, p. 376],
Lefort supplied a larger table of his own, three-and-a-half pages long, listing errors in Vega revealed by
his comparison with Prony’s Cadastre tables [Lefort, 1875, pp. 571–574]. This covered the logarithms
of all numbers up to 100,000, and again confirms that Vega’s errors are virtually all confined to one unit
in the 10th decimal place. But, in his reply, Sang points out that, in the interval 20,000 to 30,000 alone,
there are four points of disagreement with his list of 42 errors, as Lefort has two omissions and has given
two miscorrections: “We must. . . be careful lest in correcting Vlacq by help of Prony’s calculations, we
do not put him wrong where he is right” [Sang, 1875c, p. 587]. Lefort’s short postscript accepts the four
results, observing that they arise because of an error of less than a unit in the 12th decimal place (these
numbers having 49 or 50 as their 11th and 12th places); and mentioning that he had stated elsewhere that,
in the Cadastre tables, the 12th decimal place can be wrong by about one unit.
Lefort was well aware that the accuracy of the Cadastre tables was not as great as had originally been
claimed. Sang had already quoted his “qualified commendation” that
The Cadastre Tables, like all human works, are then not perfect; they are so neither in their execution nor, perhaps, in the details of
their conception; nevertheless, they much surpass, not only in extent, but also and above all in correctness, all the tables that have
preceded them, and the more modern tables which have not been compared with them before publication. (Sang [1875b, p. 433]:
translation of Lefort [1858b, p. 998].)
But Lefort complained that “Mr Sang uses me as a battering ram to demolish the edifice erected by
Prony. . . I think he would have formed quite a different opinion if he had been privileged to spend years
in the study of a work which fills nineteen folio volumes” [Lefort, 1875, p. 577].
Disregarding their misunderstandings and trivial debating points, one is nowadays struck more by what
Lefort and Sang had in common than by their disagreement. Both were immersed in the minutiae of the
construction of accurate tables. But the two virtuoso calculators had different agendas: Lefort to defend
the Cadastre tables while admitting their inaccuracies, and Sang to cast doubt on them, to convince the
world of the need for his own. Sang had been stung by the article in Nature doubting the utility of his
proposed tables, and it is not surprising that he reacted as he did. But it did him little good.
In late 1874, the Royal Society of Edinburgh had contacted various bodies inviting their support,
either financially or by lobbying the Government, to fund the publication of Sang’s nine-place tables of
logarithms. Letters declining to do so were received from the Royal Astronomical Society, the Royal
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replied that they, too, were unwilling to share the costs since such extensive tables would seldom be
required by them; but they were willing to support an approach for public funds, and quoted from their
Council Minute of 15th November 1867, recording “the high sense they entertain of the public value
of the work proposed by Mr. Sang and their entire confidence in his scientific skill and extraordinary
accuracy as a computer” [S, 1]. Sang admitted defeat on 3rd February 1875, in a letter to Professor John
H. Balfour, the Secretary of the Royal Society of Edinburgh [S, 1].
However, the matter was not entirely at an end; for, in July of that same year, Professor Balfour
received letters both from Thomas Stevenson42 and from Philip Kelland, pointing out an inaccuracy in an
article in Nature, of 10th June, which stated that: “the Italian savants have agreed to support a proposition
issued by the Royal Society of Edinburgh that the large tables of logarithms calculated by M. Prony
should be published at the common expense of all nations” [Anon., 1875a]. In fact, it was Sang’s, not
Prony’s, tables which were under discussion, but Nature’s source in Comptes Rendus [Anon., 1875b] was
misleading. The Turin Academy had indeed instructed a M. Gavi to report on Sang’s logarithmic tables.
But, after outlining the advantages of accurate logarithms, Gavi urged that “governments interested in
determining the arc of the meridian and unification of weights and measures should agree to publish,
at last, the Grandes Tables of Prony” (my translation of [Anon., 1875b]). Naturally, this passage was
emphasized in Comptes Rendus; but nothing was to come of it.
Long afterwards, the possibility of publishing Sang’s logarithms was again raised, but this time not
confined to nine-place tables. Cargill Knott was the Honorary Secretary of the General Committee formed
to mark the “Napier Tercentenary Celebration and Congress” held in Edinburgh during the summer of
1914. An impressive programme of lectures and exhibitions was arranged. Though the outbreak of World
War I was imminent, numerous overseas delegates attended, and the events were recorded by Horsburgh
[1914] and Knott [1915a]. The 82 items of a book exhibition included Sang’s published 7-place tables
and his 47 manuscript volumes [Sampson, 1915]. A second exhibition of artifacts—“Napier relics, books,
instruments, & devices for facilitating calculation”—was fully catalogued by Horsburgh [1914]. This
catalogue reprinted much of Knott’s [1908] account of “Dr Edward Sang’s Logarithmic, Trigonometric
and Astronomical Tables” and also reproduced a photograph of Sang [Horsburgh, 1914, pp. 38–47]: see
Fig. 1. Knott’s own lecture was on “Edward Sang and his Logarithmic Calculations” [Knott, 1915b].
Alluding to the necessity for a new fundamental table of logarithms43 perceived by a previous speaker,
Henri Andoyer of Paris, Knott observed that Sang has already completed the necessary computations.
In his paper, Knott reviews Sang’s life and then considers how Sang’s tables might be published.
He suggests either the publication of the 15-place logarithms with first and second differences, as they
stand; or a 12-place abridgment with first differences only. He concludes that the logarithms of 100,000
numbers, with differences, would occupy a large quarto volume of 667 pages. He then considers the
alternative of photographic reproduction in reduced size, which “was indeed the method which first
suggested itself to Dr Burgess and myself when Dr Sang’s manuscript volumes were consigned to the care
of the Royal Society of Edinburgh” [Knott, 1915b, p. 267]. He suggests that photographic reproduction of
both the 28-place logarithms of 1–10,000, and the 15-place logarithms of 100,000 to 200,000, with first
and second differences, could be achieved in a large quarto volume of 1000 pages. The photographic
42 One of the “Lighthouse Stevensons” and father of the writer Robert Louis Stevenson: see Bathurst [1999].
43 This despite the appearance of Bauschinger and Peters [1910] 8-figure tables, and Andoyer’s [1911] own 14-place
logarithms of sines and tangents: see Andoyer [1915].
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concludes by recommending the photographic method:
. . .what more fitting outcome of the Napier Tercentenary could there be than making accessible to the civilised world the fundamental
part of these great tables, calculated by Edward Sang in the very city where John Napier invented the logarithm and gained undying
fame as a benefactor of his race? [Knott, 1915b, p. 268].
But, despite strong support from Percy MacMahon, in his review of the reissue of Sang’s seven-place
logarithms [“P.A.M.”, 1916], Knott’s initiative was doomed by the outbreak of war.
A group of letters from 1926 [S, 6] describe a revived attempt. Frank Schlesinger, of Yale University,
wrote to R.A. Sampson (Royal Observatory, Edinburgh) wondering whether interest in publishing the
15-place logarithms to 370,000 could be revived. But G.J. Lidstone (London manager, Scottish Widows
Insurance Co.) advised that there was no reason to publish yet more logarithmic tables; and C. & E.
Layton, Printers, of London confirmed to Sampson that there was no great demand for Sang’s tables,
that typesetting costs would be high, and that: “We assume you are aware that a huge work dealing
with logarithms to many places of decimals is at present in course of preparation, under the auspices
of the University of London, and 1 volume has been published” [S, 6]. The “huge work” is that of A.J.
Thompson [1952], mentioned in Section 7 below, and not finally completed for another 26 years.
6. The accuracy of Sang’s manuscript tables
Just how good are Sang’s tables? Did he, as he firmly believed, surpass the Cadastre tables in accuracy
and extent, with only his two daughters to assist him? The answer to the latter question is certainly “yes.”
Lefort [1858a, 1858b] had ascertained that Prony’s 14-place logarithms contain many errors in the 12th
and higher places. In contrast, Sang’s good control of error during interpolation of his 15-place tables
confined inaccuracy to within one or two units in the 15th decimal place. Moreover, Sang’s 15-place
logarithms are for all numbers up to 370,000, while Prony’s 14-place (effectively, 12-place) tables only
go up to 200,000. And Sang gave 28-place logarithms for all numbers up to 20,000, while Prony gave
19-places for numbers up to 10,000. (A comparison of major logarithmic tables is shown in Table 1.)
But subsequent study has revealed errors in Sang’s tables of which he was unaware. In correspondence
relating to the Sang tables, a number of letters concern these [S, 5].
The logarithms of prime numbers to 28 places [S, 19] appear to be virtually free from error. According
to the R.S.E. Secretary G.A. Stewart, writing on 19th June 1923 to James W. Glover (University of
Michigan): “The error in the prime 331 appears to be an error in his transcription, multiples of it being
given correctly. It is possible, though not certain, that this is the only error in the volume of primes, for I
have read some hundreds of others against Sharp’s primes to 61 places [Sharp, 1717], without finding a
further error”44 [S, 5]: see Fig. 5. But, concerning [S, 20–21], he continues:
I regret to say that the errors in the [28-place] logarithms of the composite numbers are very numerous. . . I have re-formed several
pages of his entries. . . and besides the errors, all terminating in 5, which you signalise, I have found one or two errors in every page.
44 Not quite the only error: 6473 also has one transcription error in the 15th decimal place. These are given correctly in
Construction [S, 16–17].
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primes from 6451 to 6701 with their logarithms. The small numbers on the left of each row are references to their Construction
in [S, 1–2].
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Partial list of logarithmic tables. Full lists are in Glaisher [1874], Davis, Fisher et al. [1963], and Fletcher et al. [1946, 1962]
H. Briggs 1624 14-place 1–20,000; 90,000–100,000
A. Vlacq 1628 10-place 1–100,000
J. Newton 1658 8-place 1–1000; 10,000–100,000
G. Vega 1794 10-place 1–100,000
A. Sharp 1717/J. Callet 1795 61-place 1–100; primes below 1100, etc.
J. Callet 1795 20-place 1–1200; 101,000–101,179, etc.
C. Hutton 1785 20-place 1–1000, odd nos. to 1199; etc.
R. de Prony (MSS. 1801) 19-place, 1–10,000;
R. de Prony (MSS. 1801) 14-place, 10,000–200,000
A. Legendre 1816 (from Prony) 19-place primes 1,163–10,007
J. Thomson (MSS. before 1855) 12-place, 1–120,000
E. Sang (MSS. 1875) 28-place, 1–20,000;
E. Sang (MSS. 1875) 15-place, 20,000–370,000
E. Sang 1871 7-place, 20,000–200,000
A. Steinhauser 1880 21-place, 1000–10,000
J. Bauschinger and J. Peters 1910 8-place, 1–200,000
A. Thompson 1952 20-place, 10,000–100,000
It is very difficult to conjecture how such a state of things arose. . . They are models of clear systematic writing showing great care
in forming every figure. . . Yet it appears that these volumes contain very numerous errors. . .
. . . There is, I suppose, just a hope that these lapses, inexcusable as they are, are confined to a part of the work. But this would
take a good deal of proving, if indeed proper confidence could ever be re-established. In the meantime, the tables must be considered
as condemned.45 [S, 5]
The mentioned errors “all terminating in 5” in the 28-figure tables, as notified by Glover, are given along
with some others in an anonymous note (presumably by Stewart) on a loose sheet of R.S.E. notepaper
inserted in [S, 21]: these are
10225 (10th place), 10405 (12th), 10575 (12th), 10955 (17th & 19th), 10995 (24th), 12300 (23rd),
12312 (9th), 15255 (22nd), 15285 (18th), 15800 (13th), 15810 (22nd),
the brackets indicating which decimal place is in error. It appears that these are all errors of transcription,
not calculation; certainly, the logarithms to 28 places of 1230, 1580, and 1581 are given correctly. The
fact that most of these numbers end in 5 or 0 may be because the searches for errors concentrated mainly
on such numbers: in which case, there could be more undetected errors in Vols. 5–6 [S, 20–21] and
elsewhere. Yet Stewart’s judgment that “the tables must be considered as condemned” seems unjustifiably
harsh: only the above errors are marked in pencil in the manuscripts and he gives no details of the “one
or two errors in every page” which he says that he found. But he raises a doubt that has not yet been
resolved.
The chronology of the manuscripts is complex, and gives clues to the likely source of the errors. The
manuscript calculations of 28-place logarithms of primes (Vols. 1–2, Logarithms I and II: Construction
45 A draft note at the end of the letter states: “The papers have rested in the hands of the Society for many years, never
tested, owing to Sang’s very considerable authority. We are obliged to you for your enquiries, bringing the true position to our
knowledge. Gen Sec RS.”
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1875. In a brief foreword to Vol. 2, which completes the calculation of 28-place logarithms of primes
to 10,000, Sang records that: “In the course of the operations it occurred that every one of the prime
numbers under 1100, whose logarithms had been compared with [Callet, 1798], . . . had been combined
many of them very frequently, with other primes, so that these logarithms were again and again verified
although indirectly” [S, 17]. Vol. 4, Logarithms: Primes [S, 19] lists the logarithms of prime numbers
up to 10,037 and some beyond, with each logarithm cross-referenced to the constructions in Vols. 1–2,
where each was calculated at least three times. The possibility of calculation errors can therefore be ruled
out, and only two transcription errors are known in Vol. 4, as stated above.
Volume 5 (Logarithms 0) [S, 20] lists the 28-place logarithms of all natural numbers up to 10,000:
this was completed in December 1871. A “Notice” at the start of this volume explains that a large pre-
existing table of the logarithms of numbers in their natural order had become so worn from “frequent
turning over of [the] leaves. . . as to be unfit for preservation” [S, 20, pp. 2–3]. The present volume is a
revision, in which many further checks of accuracy had been made. Volume 6 (Logarithms 1) [S, 21],
giving 28-place logarithms of all numbers from 10,000 to 20,000, is the one in which all but two of the
known errors arise. This was not finished until 1876; and the logarithms of primes in this volume are
given only to 13 places, “copied from the fifteen-place table.” This late completion date is after that in
1874 when Sang displayed his tables to the R.S.E. [Sang, 1875a, 1875b (read 1874)], and after his hopes
for publication had been dashed in 1875.
Many of the extant volumes of 15-place logarithms predate the completion of Vol. 5, and so must
have been based on the large table that became worn out. For instance, Vol. 12 (a second version of
Logarithms 10, prepared by himself) is dated 1869. But Sang confusingly describes using “the twenty-
eight place Logarithms contained in Volume 0. . . in the previous copy of Volume 10.” Here, volumes “0”
and “10” are Vols. 5 and 7 according to the PRSE numbering, the latter computed by Jane Sang.46 For
his second version of these 15-place logarithms, further checks were performed, so that “any unnoticed
error. . . could not escape detection. In general, the results may be trusted to within three units in the last
decimal place” [S, 22: “Notice”].
The 15-place logarithms of all numbers from 100,000 to 370,000 in Vols. 7–38 [S, 22–48; SEU] are
dated 1869–1873 (Fig. 6). These were completed three years before the offending Vol. 6. Not one of
the errors in Vol. 6 listed above, and which are below the 16th decimal place, occurs in these 15-place
tables [S, 22, 24, 27]. The two primes misstated in Vol. 4 also led to no errors in the 15-place logarithms.
I have checked several (but not many) pages of Sang’s 28-figure and 15-figure logarithms against both
A.J. Thompson’s [1952] 20-place logarithms, and 40-place computations using Mathematica, and I have
found no new errors, except in the last decimal place of the 15-figure logarithms, as Sang would have
expected. Though it would be rash to suggest that Sang’s 15-place logarithms are free from error, they
are certainly unaffected by the known errors of Vols. 4 and 6. It seems reasonable to conjecture that the
all-to-frequent errors in Vol. 6 resulted from a combination of the difficulties of reading the earlier much-
46 There is a regrettable triplication of numberings. The sequential listing as Vols. 1–47 is Sang’s own of 1890. But he
previously numbered each volume differently, and both are given in Knott [1908, pp. 190–193]. Direct quotations from Sang
often use his earlier numbering; but I give both, to avoid confusion. The index to the Sang papers in the National Library of
Scotland [S] is different again, and lists 89 items: Sang’s 1890 numbered Vols. 1–6 are there Nos. 16–21, and Sang’s Vols.
12–47 are Nos 22–57. Vols. 7–11, which Edward Sang had duplicated in Vols. 12–16, are in the Edinburgh University Library
[SEU].
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successive numbers 105,750–105,775, beginning .0242. . ., then .0243 from the underlined entry onwards (the integer part 5
being omitted).
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of the publishing project: in 1876, Sang was over 70 years old and a disappointed man.
Confirmation of the accuracy of Sang’s logarithms of primes is to be found in a letter of 20 Sept. 1924,
from A.J. Thompson to R.A. Sampson, Secretary of the R.S.E. Thomson sends logarithms to 20 places
of primes between 9000 and 10,000, for comparison with Sang’s, and which he has already compared
with Legendre’s 19-figure logarithms.47 The letter is annotated: “No discrepancies found except in AJT’s
last figure” [S, 5]: see also Section 7 below. In the same year, on 5th June 1924, Professor Chester C.
Camp of the University of Illinois, Urbana, wrote to Professors E.T. Whittaker and R.A. Sampson at
the R.S.E., seeking to compare Sang’s tables with Steinhauser’s [1880] 20-figure logarithms: “As you
doubtless know many errors have been found in Steinhauser” [S, 5].48
Comparisons of tables to detect errors was immensely time-consuming, and remained an important
and tedious activity until the mid-20th century. Fletcher et al. [1946, 1962] devote 150 pages of their
second volume to listing known errors in published tables. Charles Babbage had detected several errors
in the popular tables of Charles Hutton [1785]; and J.W.L. Glaisher noted that Hutton’s 1855 edition still
contained four errors which had originated with Vlacq. Glaisher [1915, p. 7] also mentions that Sang’s
manuscripts, and an unpublished table of 12-place logarithms of numbers to 120,000 by John Thomson,49
had been used to correct errors in Briggs and Vlacq. Such comparisons with other tables were perhaps
the only uses ever made of Sang’s manuscripts.
A definitive line-by-line check of Sang’s tables against accurate modern computations is theoretically
possible, just as Lefort had checked Prony’s tables against those of Vlacq. But the task is a daunting
one which, nowadays, no one would be willing to consider without computer assistance. If Sang’s
manuscripts could be read sufficiently accurately by a scanner equipped with sophisticated character-
recognition software, a computer check of accuracy would then be quite straightforward. Unfortunately,
currently available equipment is not up to the task, without very substantial human intervention and
attendant expense. But perhaps, before too much longer, the accuracy of Sang’s tables may be settled
once and for all.
7. Sang’s methods
Following the death of Sang’s professor John Leslie in 1832, the unpublished analytical treatises of
John West (1756–1817) came into Sang’s possession. Leslie had failed to edit these impressive man-
uscripts for publication; but Sang performed the task, and West’s Mathematical Treatises. . .[allegedly]
Edited. . . by the Late Sir John Leslie. . . Accompanied by a Memoir of the Life and Writings of the Au-
thor by Edward Sang, F.R.S.E. [West, 1838] were belatedly published.50 There seems little doubt that the
47 Alexander J. Thompson was employed at the General Register Office, Somerset House, London and was responsible for the
“huge work” of logarithms mentioned above [Thompson, 1952]. Adrien Marie Legendre had been associated with the Bureau
de Cadastre and printed extracts from Prony’s tables in two works of his own [Legendre, 1816, 1826]: see also Grattan-Guinness
[1990].
48 Fletcher et al. [1946, 1962, Vol. 2, pp. 911–914] also describe Steinhauser’s tables as “highly erroneous,” due to a crass
misreading of Callet’s tables.
49 John Thomson was another Scot, from Greenock. He died in 1855, and his manuscript table was presented to the Royal
Astronomical Society, London, in 1873.
50 For a full account of John West (1756–1817) and his work, see Craik [1998].
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Sang’s other writings. West was a very capable analyst, familiar with works of Lagrange and Laplace;
and his Treatises deal, among much else, with the accurate computation of logarithms and trigonometric
functions and with astronomical calculations.
Soon after, Sang was editing Shortrede’s logarithmic tables [Shortrede, 1844], which appeared just
after Sang had gone to Turkey. By then he had embarked on his own logarithmic calculations.
Much later, in his 1856 Higher Arithmetic, Sang observed that: “The table of Briggs, besides being
incomplete, aspires to a degree of precision very far beyond our utmost wants, but it is a noble monument
of zeal and perseverance” [Sang, 1857, p. 108]. But, if Briggs’ 14-place logarithms are “far beyond our
utmost wants,” why did Sang himself calculate logarithms to 28 places? He sets out his reasons in a
“Notice” at the start of his first manuscript volume, Construction of a Table of Logarithms to Twenty-
Eight Places of All Numbers up to 10000, Volume I [S, 16].51 He begins by stating that the calculations
“were undertaken with the ultimate view of forming a nine place table of logarithms of all numbers under
a million.” Though seven-place tables suffice for all ordinary geodetical and astronomical work, those
who need to compile original tables require “a more extended logarithmic canon” [S, 16, 3]. Furthermore:
The rapidly increasing exactitude of astronomical data, the delicacy of modern instruments and the improvements in all branches of
applicate mathematics, promise soon to render such tables not merely desirable but absolutely requisite to original computers. At the
same time we must admit that for many, very many, years the demand for such an extensive work must fall sadly short of repaying
the labour and expense attending its construction. [S, 16, 3–4]52
For his projected nine-place tables, it is necessary to carry the calculations several places farther, to ensure
that the last place is true after rounding. Some values may end in, say, 4999. . .998 or 5000. . .002; and
“there must always be an uncertainty in two or three units in the last computed place. . . Now among a
million numbers the probability is that if we carry the extra figures to six places, each of these may occur
once: so that if we make the manuscript calculations to fifteen places we may anticipate five or six cases
of uncertainty” on rounding to nine [S, 16, 4]. This is acceptable, for one may make a special calculation
of doubtful cases.
But, to confine the error to two or three units in the fifteenth place, it is necessary to carry the
logarithms of primes a few steps farther still. Sang therefore decided to compute to 25 places all the
primes up to 10,000, to 20 places the next primes up to 100,000, and to 15 places the remaining primes
up to 1,000,000. “In projecting such a mass of work, more than any single man can hope to accomplish,
it was natural to turn to the 60 place table printed in Callet’s Tables Portatives. . .” But, fearing that
any errors in Callet’s [1798] table “would become excessively entangled in any after-work founded
upon them,” he instead “resolved to commence at the very beginning,” and afterwards compare his
own values with those of Callet, “accepting the coincidence as sufficient proof of accuracy: and here
I gladly bear testimony to the value of Callet’s table in this far that to twenty-seven places I have found it
exact” [S, 16, 5]. After passing 1100 (the limit of Callet’s primes), “it became necessary to compute the
51 This 10-page “Notice” is dated March 1854. It is followed by a brief note, signed and dated 26 January 1875, in which
Sang states that “This work was begun in December 1848 at Constantinople,” then copied and revised during 1850–1852, “being
often laid aside on account of other occupations. . . The computation of the logarithms of all primes up to 2000, at the end of
July 1865, was completed and the pages bound together.”
52 At least Sang had no illusions on this score. Similarly, Karl Pearson had warned A.J. Thompson that he “could not expect
financial advantage” from his planned tables [Thompson, 1952, p. xi].
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[S, 16, 6].53
Sang then proceeds to a description of his methods of computing logarithms of primes, the principles
of which “are simple and perfectly well known to every algebraist” [S, 16, 7]. First, using the single
divisor 9, he employs the familiar result
(1)nep. log(1+a1−a
)= 2a[1+ a23 + a
4
5 + a
6
7 + · · ·
]54
with a−1 = 3 and 9, to give
(2)nep. log 8 = 2[1+ 13 . 19 + 15 . 192 + 17 . 193 + · · ·
]
(3)nep. log 108 = 2
[ 1
9 + 13 . 193 + · · ·
]
and so
nep. log 10 = 2+ 29
(
1+ 13
)+ 292
(1
5
)+ 293
( 1
3 + 17
)+ 294
( 1
9
)+ · · · , [S, 16, 7]
a series which converges fairly rapidly. Its value relates “Neperian” logarithms nep. log (nowadays, ln)
with base e to those with base 10, by
log10 N =
nep. logN
nep. log 10
.
Henceforth, “log” means the common logarithm to base 10, which Sang requires.
Sang’s numerical virtuosity becomes clear when he goes on to describe how to find large divisors
which produce very rapid convergence. “Now when any number is terminated by a succession of ciphers
the division by it is so much facilitated, hence it is desirable to find those multiples of the prime which
end in . . .999 or in . . .001” [S, 16, 8] for use in the logarithmic expansion. As an example, Sang describes
how he would compute the logarithm of 1619.
Of this the first multiple ends in 9: now its penult is 1 wherefore if we add that multiple which ends in 80, that is the twentieth, we
shall have a multiple ending in 99; in fact 21× 1619 = 33999. As the antepenult is also 9, the third figure of the multiplier must be 0
while to bring in the next figure 3 up to 9 we must add the fourth multiple. The work is arranged as under:
[see Fig. 7, culminating in the result that 76 714 021 × 1619 = 124 199 999 999].
In a way exactly similar those multiples which end in . . .001 may be found, but it is manifest that the two sets of multipliers are
complementary to each other whence we conclude that
23 285 979 × 1619= 37 700 000 001. [S, 16, 8–9]
However, it is still necessary to decompose the multiplier into its factors, to discover whether their
logarithms have already been found. For this, Sang “had habitual recourse to Burkhardt’s Table des
Diviseurs [Burckhardt, 1816] which goes a little above three millions” [S, 16, 9]. But with multiples such
as 76 714 021 which are beyond the limits of Burkhart’s work, Sang first tries the easy primes 3, 7, 11, 13,
37. In this example, none is a divisor and so he strikes off the 7, and tries 6 714 021; but “for the sake of
53 Sang knew that Callet’s more extensive 20-place tables contained many errors, which were copied in Hutton [1785]: see
Sang [1875b, p. 425].
54 From ln(1+ s)− ln(1− s)= (s − s2/2+ s3/3− s4/4+ · · ·)− (−s − s2/2− s3/3− s4/4+ · · ·).
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obtaining as large numbers as possible, I take first the complement 23 285 979 and. . . find it divisible by
9, the quotient being. . . within the range of Burkhardt.” [S, 16, 9]. Unfortunately, one of its prime factors
is 15 493, which is not yet known, and so this multiple again does not suit. Returning to 6,714,021, he
finds that it factorizes into 3.1493.1499, but he has not yet determined the logarithm of 1499.
But two other results, similarly found, are
(4a)1155999999 = 3.7.11.11.281.1619
(4b)139 200 00155 = 127.677.1619,
from which the logarithm of 1619 may easily be computed in two independent ways; and the logarithm
of 1499 then follows from the pair
(5a)10 869 999 999 = 3.1493.1619.1499
(5b)2 249 999 = 19.79.1499. [S, 16, 10]
Explicitly, for (4a), Sang would take logarithms, obtaining
log
(
1156.106 − 1)= log 3+ log 7+ 2 log 11+ log 281+ log 1619.
The first four logarithms on the right-hand side, and log 1156, are known; and log(1− a) is expanded as
−M(a + a2/2 + a3/3 + · · ·) where a−1 = 1156.106 and M = log e = (nep. log 10)−1 is the accurately-
known constant beginning 0.43429. . .. This yields log 1619 to high accuracy after just a few terms.
Similar treatment of (4b), using the expansion of log(1 + a) with a−1 = 1392.105, gives independent
verification. Then (5a,b) gives two ways of finding log 1499. Sang gives several more examples of this
method, asserting that: “The search for these little ameliorations proves a grateful variety in the midst of
what otherwise would be a dreary monotony” [S, 16, 13].
He sets out the details in many pages of tables involving powers of divisors. Those for 2(1/9)n,
2(1/9)n/(2n+1) (n= 0,1,2, . . .28), and 2(1/9)2n+1/(2n+1) (n= 0,1,2, . . .14) are used to sum series
55 In a very uncharacteristic moment of carelessness, Sang incorrectly states this number as 139 000 000.
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27th place of nep. log 8 differs from that of Callet by one unit and so he adopts Callet’s.) Corresponding
series with larger divisors, chosen as just described, of course require far fewer terms.
The 15-place tables of logarithms of all numbers from 100,000 to 150,000 were found in two ways.
Those of many composite numbers were obtained by adding known 28-place logarithms. The logarithms
of the remaining intermediate numbers were then found by interpolation, using only first and second
differences. In the five volumes from 150,000 to 200,000, “the logarithms. . . were got by interpolating
two terms between the even numbers of the preceding volumes, adding the logarithm of 1.5” [Knott,
1908, p. 191 (quoting Sang)]. In other words, given log(2N) and log(2N + 2), Sang (or his daughters)
first interpolates to find log(2N + 2/3) and log(2N + 4/3); then adds log(3/2) to each, so getting the
four values log(3N + j) (j = 0,1,2,3). For the seventeen volumes from 200,000 to 370,000, one point
was interpolated between each adjacent pair from 100,000 onwards, and log 2 was added. Much of the
work for these volumes was carried out by Flora and Jane Sang. These procedures are very efficient
and avoid the pitfall of over-large interpolation intervals which marred the Cadastre tables. Whereas the
Cadastre calculators used six, and sometimes even eight orders of differences for their interpolations,
and Thompson [1952] used up to fourth differences, the Sangs needed only two to achieve the desired
accuracy: see Sang’s [1875c] exchange with Lefort [1875].
It is striking that the “industrial process” adopted by Prony and his many helpers is in such marked
contrast to Sang’s approach. Though Adam Smith, like Sang, was a native of Kirkcaldy and Sang would
have been well aware of his work, Sang’s “division of labour” extended only as far as his willing
daughters! Prony’s project was supported by a well-funded governmental bureau, while the efforts of the
Sangs were entirely unfunded and performed as a spare-time activity. Prony’s many human computers
performed lengthy, repetitive, and unimaginative arithmetical procedures according to fixed instructions.
Edward Sang used many insightful and opportunistic shortcuts to lighten the labour of accurately
calculating far more data points than did Prony, so allowing interpolation between closely spaced data.
Although the interpolations performed by the Sangs were still tedious, the speed of calculation of Edward,
and perhaps of Flora and Jane, is likely to have far exceeded that of Prony’s operatives.
8. Discussion
Charles Babbage had foreseen that automatic calculation and printing was the only way to remove both
the tedium and human error from the compilation of tables. But his lifelong effort to do so mechanically
had been a disaster, which wasted large sums of the British Government’s and his own money without
completion of a working machine. Babbage died in October 1871, in his 80th year. He was born just 13
years before Edward Sang. In the year when Sang completed his studies at Edinburgh University, Francis
Baily [1824] had extolled “Mr. Babbage’s new Machine for calculating and printing Mathematical
and Astronomical Tables;” and, ten years later, Dionysius Lardner [1834] had published an account
of “Babbage’s Calculating Engine” in the Edinburgh Review, while Sang was working in Edinburgh.
Also, the Swedish brothers Georg and Edvard Scheutz’s less-sophisticated, but completed and working,
calculating machine was exhibited at the Royal Society of London in 1854 and was favorably reported on
by a Royal Society committee [Scheutz and Scheutz, 1857; Stokes et al., 1855]. Even Babbage’s nemesis
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returned to Edinburgh in 1854 from his lengthy stay in Constantinople. Given his interests, it seems
inconceivable that he was unaware of these early efforts at automatic computation; and one might expect
some mention of these machines in his writings.
In 1872, Sang delivered a lecture On Mechanical Aids to Calculation [Sang, 1872c] to the Actuarial
Society of Edinburgh. He describes “Napier’s bones” for multiplication and outlines the mechanical
principles on which all adding machines are designed. And he explains the operation of the “Platometer,”
for measuring areas by tracing around their boundaries: this he describes as the first machine of its kind
ever contrived. This device, more usually called the “planimeter,” had been invented by his brother John
Sang. He then discusses the functioning and utility of “Thomas’ machine” for performing arithmetic
operations.
Accompanying Sang’s published article is another, by a Major General Hannyngton, and a discussion
of both by Mr W.T. Hancock. Both Hannyngton and Hancock were enthusiastic users of “M. Thomas
de Colmar’s Arithmometer.”57 Sang, on the other hand, is dismissive of its utility. He complains of the
inconvenience of transferring numbers from paper to machine and back again, with risk of copying errors
“that a computer is far more liable to make. . . than to commit an error in calculation.” A machine cannot
“take into account the many short cuts and the abbreviations occurring in general practice,” and might
even “prove to be a serious hindrance” to an expert computer. Though some elementary sorts of tables can
be made by machine, “The great mass of tables. . . such as trigonometrical canons, tables of logarithms,
have their orders of differences interminate, and so it is impossible to compute them by machinery.”
He concludes, with apparent relish, “that we cannot delegate our intellectual functions, and say to a
machine, to a formula, to a rule, or to a dogma, I am too lazy to think, do please think for me” [Sang,
1872c, p. 264].58
Sang’s extraordinary numerical facility was such that he, more than anyone, might have found the
machines of his day a “hindrance”; but Hancock fairly points out that Sang had not used the machine to
any extent. Holding such views, Sang must surely have regarded the efforts of Babbage and Scheutz as
misguided.
A.J. Thompson’s [1952] own extensive logarithmic tables, intended to mark the tercentenary of Henry
Briggs’ [1624] Arithmetica Logarithmica, were eventually completed in 1952. Support and funding for
this publication were provided by Karl Pearson’s “Biometric Laboratory” at the Department of Statistics,
University College, London. To spread costs, the tables were issued in parts, over several years; but full
publication received a major setback with the advent of World War II.59 Pearson’s 1924 Foreword to the
first part (reprinted in the full editions) makes interesting reading; for he makes many of the same points,
invoking both national pride and scientific utility, as had Sang and his supporters:
56 The decimally minded Sang would not have shared Airy’s enthusiasm for the fact that the Scheutz engine could, in principle,
be altered to perform astronomical calculations in angular degrees, minutes, and seconds [Airy, 1856; Swade, 2000, pp. 208–
209; Sang, 1884a].
57 This and many other calculating machines are described in Section D of Horsburgh [1914].
58 He would surely not have believed it possible that, 130 years on, shop assistants cannot total a simple (decimal) bill without
a machine; or that many university graduates in mathematics cannot do “long division,” far less use logarithmic tables.
59 With his calculations almost complete in 1939, Thompson and his colleagues at the General Register Office in London
were evacuated to a safer location, and publication was indefinitely postponed.
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it seemed to me that it was fitting that the land wherein logarithms were cradled should rise to the occasion and issue a standard
table—Logarithmetica Britannica—to twenty figures.
In a certain sense the day of logarithmic tables to 4, 5, 6 or 7 figures is past. The users of such tables are either ignorant of the
existence of slide-rules and mechanical calculators, or else unfortunately cannot afford them. Where much computing has to be done
logarithms to a few figures are rarely if ever used. What are used and are badly needed are logarithmic tables to 10, 15 or 20 figures.
They are wanted for work where the more or less customary machines with 9 × 10 showing 18 and the more unusual and costly
machines with 12× 12 showing 20 figures on the slide fail to give results of adequate accuracy without great expenditure of labour.
In statistical and computing laboratories . . . the original Briggs or original Vega are in greater demand than any more contracted
logarithmic tables. Yet their high cost, their rarity and uncorrected errors render, as the French and Germans have recognized, new
tables desirable. [Thompson, 1952, Vol. 1, viii]
In his own preface, Thompson records that: “I had ascertained that the tables of logarithms that M.H.
Andoyer had proposed at the Napier Tercentenary Congress of 1914, and those that had been computed
by Dr. Edward Sang were not likely to be published” [Thompson, 1952, Vol. 1, xi]; and he acknowledges
the contribution of R.A. Sampson, who had compared Thompson’s and Sang’s values of the logarithms
of prime numbers between 8,000 and 10,000. Thompson criticizes the unsound interpolation methods
of Scheutz and of the Bureau du Cadastre, which used six orders of differences with over-large gaps
between accurately calculated points:
Although the [Scheutz] machine had a capacity of 15 figures, the demonstration table of five-figure logarithms shows errors of rather
more than half a unit in the logarithms of 1905, 1913, and 1915. . . It is perhaps not surprising that the inventors of a new machine, who
were not mathematicians, should have allowed themselves excessive liberty in exhibiting its powers; but it is difficult to understand
how mathematicians of such eminence as those who controlled the construction of the Tables du Cadastre could have allowed a faulty
and wasteful use of the method of differences. [Thompson, 1952, Vol. 1, xxxv]
Thompson gives an example to show the rapid growth of errors in this method, and explains the
advantages of using his own preferred scheme, employing Everett’s formula with four orders of
differences. He recommends that no more than 10 interpolation points should be used between known
values. He also describes his own customized and manually operated “integrating and differencing
machine.” This had four linked registers, each of 13 figures: even as late as 1939, the limitations of
mechanical aids are manifest.
Thompson’s criticisms of the Cadastre tables echo those made by Sang [1875a, 1875b, 1875c]; and
it is noteworthy that Thompson makes no criticisms of Sang’s tables. Prior to 1940 both Thompson and
Pearson had seen great need for accurate tables. Sang’s tables could long have met this need, had they
been published. But the printing of large tables was always a doubtful economic venture for publishers:
Prony and Sang had both failed to get their tables published, and Thompson’s tables were so long delayed
that their useful life was short.
In today’s electronic age, the task of compiling tables of logarithms to any desired degree of accuracy
is rightly regarded as both pointless and trivial. If one were to compile a table by using, say, the
Mathematica software, the only practical limitation on its speed of production would be that of the
printer.60 But visual comparison of long lists of 28-figure numbers is not for the faint-hearted; and to
check even a few pages of Sang’s manuscripts against such a table gives one both a headache and an
added respect for the dogged perseverance of Edward Sang and his daughters Flora and Jane.
60 And the user of Mathematica may remain blissfully unaware of the method employed.
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little awareness of the important arithmetical role of logarithmic tables over 300 years.61 This is a far cry
indeed from Sang’s obsessive 25-year endeavor. Though the importance of rapid and accurate calculation
is greater nowadays than ever before, the convenience of pocket calculators and the immense power of
modern computers have removed the drudgery to which generations of tablemakers willingly committed
themselves. It is salutary to be reminded of their dedication, expertise, and sheer hard work; of the
uncertainty of eventual publication; and of the limited rewards for their efforts.
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